Abstract. We consider semigroups (Tt), which are contractive on LP(M) for all P € [q, q'] and ?£[1,2).
In this paper we present some new results concerning the LP boundedness of the Littlewood-Paley-Stein ^-function. Suppose that (Tt) is a Co semigroup of operators on LP(M), where M is a a -finite measure space, and let a £ N. The Littlewood-Paley-Stein function ga associated to the given semigroup is defined by the rule \(tATTtf\2f or all / for which the right-hand side makes sense. In classical cases, where (Tt) is the Poisson semigroup acting on Z7(R) or L^T), the ^-function is an important tool in Fourier analysis. For instance, it is frequently used to prove multiplier theorems and pointwise convergence results: the reader is referred to [ 11 ] for a survey of its role. In a general context, the ^-function was considered by E. M. Stein; he proved that if (Tt) is a symmetric diffusion semigroup, then ga satisfies the estimate (1) 4,11/11, <||&(/)||,<WII* VfeL?(M), whenever p G (1, oo) . A proof of this result can be found in [10] ; a simpler and more general approach, via transference techniques, is presented in [2] . A third proof is in [4 and 5] . It is of an entirely different nature, in that it is based on the fact that generators of symmetric diffusion semigroups (and even more general semigroups [3] ) have an H°° functional calculus. One of the interesting applications of ^-functions is to functional calculus for infinitesimal generators of Co semigroups. Stein proved a Marcinkiewicz-type result for those as a corollary of the theory he developed for the ^-function. The relationship between ^-functions and functional calculus for the infinitesimal generator of (Tt) was investigated in [4 and 5] . Our treatment here owes much to the point of view of [3, 4, and 5] . The motivation for our investigation comes from an interesting example. Suppose that M is a symmetric space of noncompact type, and let (Tt) denote the heat semigroup generated by the Laplace-Beltrami operator on M. For any 8 £ (0, 1 ) we consider the modified semigroup (Tue) defined by the rule Tt>e = e6btTt, where b denotes the bottom of the L2-spectrum of the generator. These semigroups have been studied in detail in [1, 6, and 7] . It is well known (see, for instance, [9 or 16] for a proof of this fact) that Tu6 is contractive on LP(M) if and only if p G [pe, Pß], where pg = 2/((l -d)xl2 + 1). J. Ph. Anker [1] proved that the standard gfunction associated to T, e is bounded on LP(M) if p g (pe, p'e), by using pointwise estimates for the heat kernel. An interesting question left open is to determine whether the g-function is bounded also on LPe(M) and Lpi>(M). We remark that the results in the literature do not give any information about this limiting case. Here we give a negative answer to this question. Also, we remark that Anker's result is a simple consequence of the theory developed in [4 and 5] , which shows that the result does not depend on the symmetric space structure nor on estimates of the "kernel" of the heat operator.
Our paper is organized as follows. Section 1 contains some results about thê -function in an abstract setting. In §2, we specialize to symmetric spaces of the noncompact type.
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General results
Suppose that A is a positive selfadjoint operator on L2(M), where M is a (T-finite measure space, and let Pi be the spectral resolution of the identity for which as |w| -> oo, it is easy to check that the integral above makes sense for all complex a such that Re(a) is not in {0,-1,-2,...}. We call this set the "admissible set". Thus, it is reasonable to define ga , for all a in the admissible set, by the rule ga(f) = (27T)-'/2 Qf \T(a -iu)Aiuf\2 du^j , for all / G L2(M). By spectral theory, it is clear that
where C2 = (2n)~x /R |T(a -iu)\2 du. It is well known that if q = 1, i.e., the semigroup is contractive on LP(M) for all p G [1, oo] , then ga is bounded on LP(M) for all p G (1, oo) and a > 0. For a an integer, this result was proved by Stein [ 10] for symmetric diffusion semigroups and extended (with a simpler proof) to more general semigroups by R. R. Coifman, R. Rochberg, and G. Weiss [2] . For a positive real a (and still another proof) the result is due to M. G. Cowling [4] . Also, it is not hard to see that in general ga is unbounded on LX(M) and L°°(M) for all positive real a.
We assume that q g ( 1, 2) and the semigroup is subpositive and contractive on LP(M) for all p G [q, q']. Under these hypotheses, the imaginary powers of A are bounded on LP(M) for all p G [q, q'], and the following estimate of their operator norm holds IIM'lIp < Cp(l + |w|)CT/2exp(7t<7|w|/2) V« G R, where o = \l/p -l/2\/(l/q -1/2). Indeed, if p = q, this estimate is a consequence of the transference result [3, Theorem 1]. Since |||^'"|||2 = 1 for all u £ R, the required estimate follows immediately by interpolation.
We present a simple proof of the right-hand inequality of ( 1 ) where yk : R -► R+ is defined by the formula yk(to) = (l + \k\riog2(2 + \k\).
Proof. In order to obtain cleaner formulae, the following definition is useful:
to-= Re(a) -1 ¡2 and w+ = Re(a) + 1/2. Also, let tp(u) = |r(a -iu)\ + \Y'(a -iu)\ + \T"(a -iu)\. We remark that tp(u) < C(l + \u\)w° log2(2 + \u\)e~n^l2 V« G R, by elementary analytic function theory. We shall prove that mk satisfies the hypotheses of the Hörmander multiplier theorem. Indeed, for every x in R we have that 
k=-oo
The last series converges provided that Re(a) < -1 -e, as required. This concludes the proof of (i).
We now prove (ii). Observe that, by spectral theory, |||mfc(^)|||2 = sup|mJt(A)|. gaAf) = (2n)-1'2 y \T(a -iu)5?e'uf\2 du^ .
Anker [ 1 ] proved that if a is a positive integer, then ga ,e is bounded on LP(M) if p G (pe, p'e). Apparently, his methods do not give any information about the boundedness of ga on LPe(M) and Lp'e(M). Our aim is to prove some endpoint results for ga, e . We first recall some basic facts about the semigroup (T,g) and its generator 2Cq . It is well known (see, for example, [6] for a proof of this fact) that T, g is contractive on LP(M) if and only if p£[pe,p'e], where pe = 2¡ ((l-8)xl2 + 1). Also, 2g possesses a holomorphic functional calculus as illustrated by the following result, which was proved in [6] and is included here for the reader's convenience. Theorem 2.1. Suppose that 0 < 6 < 1 and that pe < p < p'g and 1 < p < oo. Suppose also that m is holomorphic and bounded in the right half-plane, and denote by M the nontangential limit of m at the imaginary axis, i.e., M(y) = lim^o-i-m(x + iy) for almost every y in R.
(i) If M is an LP(R)-Eourier multiplier of norm B, then the operator m(¿¿g) is bounded on LP(X). Moreover, \\\m(S?e)\\\p < B.
(ii) If n is a smooth, compactly supported function on R+ , supported in [ 1, 4] and equal to 1 in [2, 3] , and if there exists a constant B such that \\n(-)M(R-)\\A¡n¡{R)<B VZ* g R+ (where A2',(R) denotes the usual Besov-Lipschitz space on the real line), then the operator m(J¿?g) is bounded on LP(X). Moreover, \\\m(3g)\\\p <CB.
It was proved in [6] that there exist constant Ce and C'e such that Qexp(K|w|/2) < |||-2?'B|||Pí < C¿(1 + \u\)x'2 exp(n\u\/2) Vw G R.
Since Hl-Sg "|||2 = 1, we get by interpolation and duality that for all p £ (pg, p'e) lll^'llp < Ce,p(\ + Mr/2exp(7ra|M|/2) Vw G R, where a = |l/p -l/2|/(l/p0 -1/2). In order to make the proof of the main result of this section readable, we have to introduce more notation. However, to avoid wasting space, we shall be very concise. The reader who is familiar with the subject will find our notation standard; the reader who is not an expert is urged to consult the treatise [8] or, for a more concise exposition, [6, §2] .
Let G be a noncompact semisimple Lie group with finite centre, write g = t @ p for a Cartan decomposition of the Lie algebra q of G, and let a be a maximal abelian subspace of p. Recall that the Killing form B( • , • ) is a nondegenerate bilinear form on g, which is positive definite when restricted to o. Given A in a*, define HA to be the unique element in a such that (iii) ga,e is bounded on LP(X) for all p £ (pe, p'e).
Proof. The statements (i) and (iii) are an easy consequence of Corollary 1.2 and Theorem 1.5.
We now prove (ii). First, we show that ga,e is not bounded on LP'»(X). Note that for every A in the tube Ts(Pe) > we have \g<*,8 ll"' > ga,e <Pa Ha\\p> We now prove that gaS is not bounded on LPe(X). For the rest of the proof we shall denote by A the operator Jz^ . For every function y/ in the Schwartz space <9*(R) such that ||^||2 < 1 we have that \\ga,e(f)\\Pe > \¡n<*-iu)AiufW(u)du \\<PA\\p'e Ur
We now take the supremum over all functions y/ in the Schwartz space ^(R) such that ||^||2 < 1. We obtain that \\ga,e(f)\\Ps > j^nr ( [ \r(a-iu)\2\Qe(A)'"\2du) . We have already proved that this supremum equals +00, thereby concluding the proof of (ii).
The proof of the theorem is now complete. D
